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Abstract 

We construct families of squeezed quantum states on an interval (depending on 
(~^ . boundary conditions, we interpret the interval as a circle or as the infinite square 

potential well) and obtain estimates of position and momentum dispersions for these 
states. A particular attention is paid to the possibility of proper localization of a 
particle in nanoscale space domains. One of the constructed family of squeezed states 
is based on the theta function. It is a generalization of the known coherent and squeezed 
states on the circle. Also we construct a family of squeezed states based on truncated 
Gaussian functions and a family of wave packets based on the discretization of an 
arbitrary continuous momentum probability distribution. 
S^ The problem of finiteness of the energy dispersion for the squeezed states in the 

infinite well is discussed. Finally, we perform the limit of large interval length and the 
semiclassical limit. 

As a supplementary general result, we show that an arbitrary physical quantity has 
a finite dispersion if and only if the wave function of a quantum system belongs to the 
domain of the corresponding self-adjoint operator. This can be regarded as a physical 
meaning of the domain of a self-adjoint operator. 

1 Introduction 

Coherent states on the real line are well-known in quantum mechanics; they were introduced 
by Schrodinger [UI2]. The behaviour of a quantum system in such states is in a sense close to 
the behaviour of appropriate classical systems. A more general class of states is formed by 
squeezed states, which are obtained from coherent states by the dilation transformation [3]. 



Coherent and squeezed states on manifolds and bounded space domains are studied as 
well, the definitions and properties of these states are still being discussed in the literature 
[D4TT]. In this paper, we are interested in one- dimensional systems like a quantum particle 
on a circle [T2"HT%] and in the infinite square potential well [T9H22] . 

The aim of this work is to obtain estimates on position and momentum dispersions for 
such states, other words, to research their localization properties. A particular attention 
is paid to the possibility of proper localization of a particle in nanoscale space domains 
[23] . To deal with nanoscale systems, one should be able to localize quantum particles 
with high accuracy in an acceptable range of momenta. Recall that the possibility of such 
localization in an infinite volume is restricted by the Heisenberg uncertainty principle. It 
was established that for a finite volume the uncertainty principle needs essential modification 
(see the discussion in Subsection 12.21) . It is not obvious without additional analysis that in 
a bounded volume there exist quantum states for which quantum particles can be localized 
with an accuracy necessary for nanotechnological operations. 

To this aim, we adopt the notion of squeezed states as states such that the uncertainty 
principle is saturated. However, there is no consensus about the "right" form of the uncer- 
tainty principle for bounded domains. By this reason, we demand squeezed states on an 
interval to saturate the usual uncertainty relation on the line asymptotically. 

We construct families of squeezed quantum states on an interval and study their asymp- 
totic behaviour. We obtain estimates for the position and momentum dispersions of a quan- 
tum particle on an interval in such states; these estimates can be applied, in particular, to 
nanoscale systems. We examine the localization properties of squeezed states on an interval. 

The following text is organized as follows. In Section [2] we define the model and formulate 
the problem. Namely, in Subsection 12.11 we introduce the operators of energy, position, 
and momentum for a quantum particle on a circle and in the infinite potential well. In 
Subsection 12. 2\ we review some facts about the uncertainty relations and coherent and 
squeezed quantum states on the line. We remind the known fact that the usual Heisenberg 
uncertainty relations does not hold for a quantum particle on an interval. In Subsection 12.31 
we give our definition of squeezed states on an interval. 

In Section [3l we introduce various families of squeezed states on an interval. In Subsec- 
tion EUl we introduce a family of squeezed states on an interval based on truncated Gaussian 
functions. The main result of this subsection is Theorem [U which gives estimates on mean 
values and dispersions of position and momentum of a particle in these states. In Subsec- 
tion [3721 we introduce a family of squeezed states on an interval based on the theta function. 
They generalize the known circular coherent and squeezed states introduced in [T2TH6] . The 
main result is Theorem [2] with estimates of mean values and dispersions. In Subsection 13.31 
we introduce a family of quantum states on an interval based on the discretization of an 
arbitrary continuous momentum probability distribution (the construction is similar to that 
of [IT]). The required estimates are given in Theorem [3j 

We obtain the following numerical estimates: on an interval of order 100 nm, there 
exist wave packets with a standard deviation of the position of order 0.1 nm and a standard 
deviation of the momentum of order 10 -24 kg- m/s. This is a result of Subsections 13. II and !3.2[ 
So, we prove that the proper localization of quantum particles in nanoscale space domains 
is possible. The corresponding numerical result of Subsection 13.31 is rougher: Theorem [3] can 



guarantee the condition Ax a < 0.1 nm only when Ap a ~ 10 -20 kg-m/s. But this is still 
enough for the localization of a quantum particle in a nanoscale space domain. 

Section [4] is devoted to further related problems. We want a particle to be localized not 
only in the position and momentum spaces, but in the energy space as well. In Subsection 14 .1[ 
we discuss the energy localization of a quantum particle. We address an additional difficulty 
that arises when dealing with quantum wave packets in the infinite square well: in this case 
the momentum and energy operators do not commute. 

As a supplementary general result, in Subsection \A.2\ we establish the relation between 
the finiteness of the dispersion of an arbitrary physical quantity and the domain of the cor- 
responding self-adjoint operator. This relation is not obvious: the "mathematical" questions 
concerning the domains of self-adjoint operators are often omitted in physical literature on 
quantum mechanics. Here we establish the physical meaning of the domain of a self-adjoint 
operator: an arbitrary physical quantity has a finite dispersion if and only if the wave func- 
tion of a quantum system belongs to the domain of the corresponding self-adjoint operator. 

In Subsection 14. 3[ we perform the limit of the large interval length. We obtain the 
well-known squeezed quantum states on the line in this limit. Also we also show that in 
the semiclassical limit both momentum and position dispersions of squeezed states on an 
interval vanish. 

The most cumbersome calculations for the proofs of Theorems [TH3] are given in Ap- 
pendixes. 

2 Formulation of the problem 

2.1 Quantum particle on an interval 

A quantum particle on an interval [—1,1] is associated with the Hilbert space L 2 (—l,l) (see 
[2]). A (pure) state of a particle is given by a unit vector from this space. If a particle moves 
freely between the ends of the interval, then the Hamiltonian on the subspace Cg°(— Z, I) (of 
infinite differentiate functions with support in a subinterval of [— /,/]) is given by 



2m dx 2 



where m > is the mass of the particle and h is the Planck constant. The operator H with 
the domain D(H) = C^(—l,l) is symmetric but not self-adjoint. It has various self-adjoint 
extensions corresponding to different physical situations [21] (see also [22H2H])- Each self- 
adjoint extension is defined on functions from AC 2 (— I, I) and satisfy a linearly independent 
pair of boundary conditions of the form 

Aif;(l) + B$(-l) + Cy (Z) + Df(-l) = 0, (1) 

where A,B,C,D e C. Here AC 2 (— 1,1) is the set of differentiable functions from L 2 (—l,l) 
whose derivatives belong to AC (—1,1), and AC (—1,1) is the set of absolutely continuous 
functions whose derivatives (which exist almost everywhere according to the properties of 
absolutely continuous functions) lie in L 2 (—l,l). Each self-adjoint extension H acts on its 



own domain as (— |^J^)- Note that not all (even linearly independent) pairs of boundary 
conditions of the form (JT|) correspond to self-adjoint extensions of the operator H. Necessary 
and sufficient conditions on the coefficients under which such a pair of boundary conditions 
induces a self-adjoint extension are given, for example, in [30] and [2"EH29j; however, these 
conditions are inessential in this study. 

Let us notice two self-adjoint extensions of the operator H. For a particle in the infinite 
square potential well with rigid walls, the corresponding Hamiltonian 

~ h 2 d 2 



2m dx 2 
is defined on the domain 

D{H X ) = Uj e AC 2 (-l,l)\^(-l) = m = 0}. 

The eigenvalues and eigenfunctions of this operator can easily be found, and they are 
well-known [34J: 

2m V 2 1 J ' ^ n ^/7 V 2 v ') ' 



i "j 



It is easily seen that the probability current for the eigenfunctions of H\ vanishes at every 
point. We can express them as 

yfl V2P V 2iVl J 

The densities of two counterpropagating waves e^r^ x ~ 1 ' and e~ l ^^ x ~ 1 ^ are the same; upon 
reflecting from the walls, these waves change the direction of propagation. One can say that, 
upon reflection from the walls, they turn into each other. 

For a particle on a circle (of length 21), the corresponding Hamiltonian 



2m dx 2 
is defined on the domain 

D(H 2 ) = {^e AC 2 (-l, oi VH) = m, V>'H) = V>'(0>- 

The (doubly degenerate) eigenvalues and eigenfunctions of the operator H 2 can easily be 
found as well: 

E^ = ^(jn)\ ^ = ^^,^=1^" n = 0,1,2,.... 



It is easily seen that the probability current for the eigenfunctions of H 2 is constant and 
different from zero at every point. This means that such an eigenfunction corresponds to a 



stream of particles that move in the same direction: the part of the wave function that goes 
beyond the interval appears on the other side. 

Define the momentum operator. Let a wave packet does not touch the endpoints of the 
interval and belongs to C™(—l,l). Then the momentum operator for this particle must be 
the same as for a particle on the line. That is, on the subspace C£°(—l,l), the momentum 
operator has the form 

p = —in—, 
ax 

The operator p with the domain D(p) = C£°(—l,l) is also symmetric but not self-adjoint. 
All self-adjoint extensions of this operator are parametrized by real numbers 9 e [0, 2n) as 
follows H]: 

Pe = -ih-^, D[p e ) = {^ G AC(-l,l)\il>(-l) = e*fy(0}- 

As the momentum operator, we will consider p = p. In fact, our further results can easily 
be carried over to the case of an arbitrary 9. 

The eigenvalues and eigenfunctions of the momentum operator p are as follows: 

Pk = jhk, ¥ , fc = -L e ^** = -L e *^, fc = o,±i,±2,.... 



Note that in the case of a particle in the infinite well, the energy and momentum operators 
do not commute, because, being operators with purely discrete spectra, they do not have a 
common set of eigenfunctions. In the case of a particle on a circle, these operators commute, 
just as in the well-known case of a particle on the line. 

Remark 1 . There are different views on whether the spectrum of the momentum of a particle 
in an infinite well is discrete or continuous, and there are different approaches to defining 
the corresponding operator. We define the momentum operator according to the standard 
formalism of quantum mechanics. In this case, the spectrum of the momentum turns out to 
be discrete. 

However, one may argue that the momentum in this case should have a continuous 
spectrum, and the standard formalism does not fully comply with physics. This is justified 
as follows. The infinitely deep potential well is an idealization, an approximation of a 
potential well of very large but finite depth. In the case of a well of any finite depth one 
deals with the space L 2 (ffi); i.e., the momentum spectrum is continuous. As the depth of 
the well tends to infinity, the momentum spectrum does not become discrete. Thus, the 
momentum spectrum in the infinite well should also be continuous. 

From the other side, in this case one faces the problem of formally defining a self-adjoint 
momentum operator in the Hilbert space for the infinite well. An attempt to solve this 
problem was made in [31], where one can also find a review of relevant literature. 

In this paper, we apply the standard formalism of quantum mechanics, according to 
which the momentum operator is defined as above and its spectrum is discrete. In any case, 
this formalism can be used to describe a quantum particle on a circle. 

The motion of a Bloch particle in a crystal under the influence of a magnetic field was 
considered in 



As is usual in quantum mechanics, the position operator x is the multiplication of a 
function in the position representation by the variable x, xifj(x) = xip(x), and the domain of 
x is the whole L,2(—l, I). In this Hilbert space, in contrast to the case of a quantum particle 
on the line, the position operator is bounded and defined on the whole space L 2 (— 1,1). 
Therefore, in contrast to the operators of energy and momentum, it is self-adjoint just 
because it is symmetric. 

Remark 2. In the case of a particle on a circle it is more preferable to use the operator e l ~ x 
instead of the operator x, because the last is not periodic in x (that is, x + 2/ ^ x, but 
e if(x+2i) _ e *fa^_ However, we will be interested in wave functions localised near some point. 
We will denote this point as x = 0. In this case, we can use the usual operator x since the 
wave function is essentially non-zero only in some neighbourhood of the point x — 0. 

2.2 Uncertainty principle on the line and an interval 

Heisenberg uncertainty relation for a particle on the line is well-known: 

AxAp > -, (2) 

where Ax and Ap are, respectively, the position and momentum standard deviations of the 
particle in a state ip G I^K): 

Jr Jr dx 

x— x\ijj(x)\ 2 dx, p — t/j(x)(—ih)—^(x)dx. (4) 

Jr Jr dx 

The states that minimize this uncertainty relation are also well-known. These are Gaus- 
sian wave packets parametrized by three real numbers x*,p*, and a > 0: 

i,(x) = Ww e " " = vmL me,dp ' (5) 

~ 1 (P-P*) 2 ,:px* 



In this case x = x* , p = p* , Ax = (3 = ^-, and Ap = a. Thus, 



\/2 / na 2 

A 

2a' 



h 

AxAp = -. (6) 

That is, Gaussian wave packets minimize the uncertainty relation. These states are called 
squeezed (or coherent, if the parameter a is fixed). One of the fields of application of these 
states is the classical approximation of quantum mechanics: since these states are the closest 
to classical states, a classical particle with arbitrary position i*Gl and momentum p* G K 
is associated with a coherent state that minimizes the uncertainty relation and has the same 
average values x* and p* of the position and momentum, respectively. 

6 



The above relations for a Gaussian wave packet imply that Ax can be made arbitrarily 
small at the cost of increasing Ap but keeping Ap finite. On the other hand, one can make Ap 
arbitrarily small at the cost of increasing Ax but keeping Ax finite. One can also choose Ax 
and Ap such that both these quantities are small compared with macroscopic scales. Since 
h ~ 10~ 34 J-s, we find, for example, that there exist wave packets satisfying the following 
estimates: Ax ~ 0.1 nm and Ap ~ 10~ 24 kg-m/s. 

We want to investigate analogous problems for a quantum particle on an interval. This 
case differs from the case of a particle on the line in the following essential aspects. 

First, the momentum spectrum of the particle on an interval is discrete rather than 
continuous. This implies, as we will see, that there exist wave functions such that 



AxAp = 0, (7) 

J_ g 2f kx^ we J lave ^ _ Q^ ^ _ I 



For example, for the momentum eigenstates ipk = he lW ' kx , we have Ap = 0, Ax = -4= (see 



below) and, hence, ([7j) holds. 

Therefore, the well-known uncertainty relation (J2J) is not valid on an interval. Instead, 
some authors PSIEM) 1 ! propose (along with many other variants, see, for example, [5J[35H37]) 
the relation 

AxAp > - ( 1 - -Ax 2 

Hence, one can see that Ax > l/y/3 for Ap = 0, which will be also shown in the next section. 
On the other hand, when Ax — > or I — > oo, we again obtain the usual relation on the line 

©■ 

Second, as mentioned in Subsection 12.14 the energy operator for a particle in the infinite 

well does not commute with the momentum operator. Usually a quantum particle with small 

position and momentum dispersions is associated to a classical particle (for example, in the 

semiclassical limit). But a classical particle is characterized not only by well-defined position 

and momentum but also by a well-defined energy. Hence, the corresponding quantum particle 

must have a small energy dispersion as well. Of course, a particle in a nanoscale domain 

is also expected to have small (or, at least, finite) energy dispersion. For a particle on the 

line, the energy dispersion is small whenever the momentum dispersion is small, because the 

momentum and energy operators commute. This is not the case for a particle in the infinite 

well; therefore, the energy dispersion should be analysed separately. 

2.3 Squeezed quantum states on an interval: definition 

We are going to construct an analogue of squeezed states for a quantum particle on an 
interval. To a classical particle with arbitrary position x* G (—1, 1) and momentum p* G R, 
we should assign a quantum wave packet ip x * p * (henceforth we will omit the indices x* and 
p*, assuming that they are arbitrary but fixed) for which the following second moments of 
the position and momentum distributions are small: 



1 It is relevant here to note that relation ((HJ is not proved in D. Judge's paper 33 , to which A. S. Davydov 
refers in |34]. Judge proved only the weaker relation AxAp > 0.16ft(l — -pAx 2 ) and conjectured that (JSJ) 
holds. 



A*x 2 = J (x - x*y\ip(x)Y dx = \\xijj - x*ijj\\\ (9) 



^oo 



A*p 2 = Y, (Pk - P*) 2 W\ 2 ■ (10) 



k=— oo 



Here a k , k = 0, ±1,±2, ... are the coefficients of the expansion of ip in the momentum 
eigenfunctions: 



+oo -. +00 



*w = 7i E a ^ fkx = ~m E fl * e< "**- c 11 ) 

fc=— oo fc=— oo 

The following two normalization conditions are equivalent: 

+oo 

(x)| 2 fix = 1, N^ |afc| 2 = 1. 



./: 



If the vector if) belongs to the domain of the momentum operator p, then formula ( llOp 
can be compactly rewritten as A*p = \\pip — pip\\ or as 



r l - d 

A*p 2 = / ^{x){-th—-p*) 2 ^(x)dx. (12) 

J -i dx 



However, the original formula (ITU]) is more general because it does not assume that the wave 
packet belongs to the domain of the operator, but only requires that the dispersion should 
be finite (which is a necessary condition for assigning a quantum wave packet to a classical 
particle). 

The mean values of the position and momentum are calculated by the formulae: 



x= x\ip(x)\ dx, p= 2_^ p k \a k \ , (13) 

"'~ l k=-oo 

Again, if ip e D(p), then 

_ r l - d 

p= ip(x)(—ih—)ip(x)dx. (14) 

J-i dx 

We do not require the exact equalities x = x* and p = p*; we only require that the 
quantities \x— x*\ and \p — p*\ should be small. Accordingly, the above moments A*x 2 and 
A*p 2 are not, generally speaking, the position and momentum dispersions. However, the 
smallness of precisely these moments defined by formulae ([9]) and (TTOl) was considered in [2] 
as a condition for legitimately assigning a quantum wave packet ip to a classical particle with 
position x* and momentum p*. 

Denote the standard deviations of the position and momentum by Ax 2 and Ap 2 respec- 
tively: 

8 



/I +00 

(x-x) 2 \ip(x)\ 2 dx, Ap 2 = J2 (Pk-P) 2 \a k \ 2 . (15) 

1 k=-oo 

One can easily show that 

A,x 2 = Ax 2 + (x-x*) 2 , A*p 2 = Ap 2 + (p-p*) 2 . (16) 

Thus, the smallness of the moments A*x and A*p implies both the smallness of \x — x*\ 
and \p — p* I and the smallness of the position and momentum dispersions. Conversely, if the 
mean values of the position and momentum are close to the values of x* and p*, and the 
position and momentum dispersions are small, then A*x and A^p are also small. 

Note that, for the case of a circle, first formulae (for position) of OH]), (TT3"|) . and (fT5|) have 
a meaning only if the considered wave functions are negligible near the point x — ±Z (remind 
that the points ±/ are identified on the circle). Otherwise it is possible that, for example, a 
particle is localized near the point x* = ±/ with nearly zero dispersion, but formula (TT3|) gives 
x = and formulae (Q and (TT5l) gives a significant dispersion of position. But this is not 
our case, since we consider wave functions localized near the point x* = (see Remark [2]). 
In case of the infinite well, x* G (/, I) is arbitrary. 

As we have already mentioned above, since the momentum spectrum is discrete, there 
exist wave functions with definite momentum and a finite position dispersion. For example, 
for the function ip(x) = -j^e ljkx ', k £ Z, the standard deviations in position and momentum 

are Ax = //a/3 and Ap = 0, respectively. This implies (J7|). 

We will construct a family ip x * tP * iCn x * £ [ — ML P* G M, a > (we will omit indices x* 
and p* in the subsequent), of functions in L 2 (—l, I) that possess the following properties: 

1) The position and momentum standard deviations Ax a and Ap a defined by ( TT5]) for the 
state ip a are finite for all a and satisfy the relation 

Ax a A Pa ->■ -, (17) 

as a —?• 00; i.e., the minimal uncertainty relation for coherent states on the line holds 
asymptotically. 

2) Ax a — > as a — > 00 (i.e., the position dispersion can be made arbitrarily small at the 
cost of increasing the momentum dispersion). 

3) x — > x* and p — ¥ p* as a — > 00 (i.e., the mean values of the position and momentum tend 
to prescribed values). 

4) As / — > 00, the functions ip a tend to the squeezed states on the real line (IHl). 

The states in such a family will be called squeezed states on an interval. Let us comment 
property f|T7|) . According to one of the definitions, squeezed states are states for which 
the uncertainty principle is saturated. However, as we said above, there is no consensus 
about the "right" form of the uncertainty principle for bounded domains. By this reason, 



we demand squeezed states on an interval to saturate the usual uncertainty relation on the 
line asymptotically. 

We can apply such states to the theory of nanoscale systems [23]. The spatial dimensions 
of nanoscale systems usually range from 1 nm to 100 nm. We will see that there exist 
values a such that Ax a and Ap a are simultaneously small while the interval length I is 
equal to, say 100 nm. In particular, there exist squeezed states such that Ax ~ 0.1 nm and 
Ap ~ 10 -24 kg-m/s (which corresponds to a minimum energy on the order of 10~ 2 eV for 
the hydrogen atom mass m ~ 10 -27 kg). Such a packet is well localized in the sense that 
the position dispersion of a particle is less than 0.1 nm and the energy needed for forming 
such a state is rather small. 

3 Families of squeezed states on an interval 

3.1 Squeezed states given by truncated Gaussian functions 

As a candidate for the considered family of wave functions, we can consider "truncated Gaus- 
sian functions" of the form 

\J^P 2 

where X[-i,i]i x ) is the characteristic function of the interval [—1, 1} and x* G (— /, I) andp* G K. 
are given position and momentum of the particle. However, this does not seem to be the 
best choice, because we have -0q^( — Z) ^ i/j' M) for the functions of this family. If x* ^ 
or p* 7^ 0, then also ipo/3 ( — 7^ ^0/3(0- At the same time, if the momentum coefficients aj, 
decrease rapidly (for example, if a^ = 0(k~ 2 ~ e ), e > 0), then series (1111) converges uniformly 
together with the series of derivatives 

-, +0O 

Then it is obvious that ip(—l) = ip(l) and ip'(-l) = ip'{l), because the general term of the 
series for ip(x) possesses these properties. 

Notice that since the functions ipop{x) do not belong to the domain of the operator p 2 and, 
when x* ^ or p* ^ 0, do not belong even to the domain of p, one cannot employ formulae 
like ffT2|) or f fl4|) in order to calculate the mean value and dispersion of the momentum. 

Moreover, as we will see in Subsection 14.21 the energy dispersions of such states cannot 
be finite. In case x* ^ or p* ^ 0, the momentum dispersion is also infinite. 

Consider another family of "truncated Gaussian functions", which vanish smoothly in 
small neighbourhoods of the endpoints of the interval: 

Ms) = -J=t e ~ (J ^ +l ^Ve(x), /3>0, (18) 



where 



"+0O 

Ve(x) = I Xe(y)u e (x-y)dy, 
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\C e e E -w, |a;| < e , 

U ^ X > = n us 

10, \x\ > e. 

is a bump function (the constant C £ is chosen so that f_ °° u> e (x) dx = 1), and x e (x) is the 
characteristic function of the interval [— Z + 2e, I — 2e\. It is obvious that < rj e (x) < 1 and 

fl, ye [-J + 3e,J-3e], 

\0, ^[-! + e,I-e]. 

In f|T8|) . 5/3 is a real normalization constant and e > is chosen arbitrarily. We will always 

choose e so small that at least |x*| < I — 3e, i.e., rj e = 1 in a neighbourhood of the point a;*. 

Unlike ip ^(x), the functions ipp(x) belong to the domain of the operator p m for every 

m = 1,2, 



L ? ""5 



ien 



Lemma 1. If f, \ipp(x)\ 2 dx = 1, the 

B B = l + Ol e ~*P 1 , p -> 0. ( 1 9) 

Proof. 

' _ Bl f 1 -^ (x-x*) 2 

\ipa(x)rdx > , p I e w dx, 
hence 

1 / {i -\ x *\ 3 *) 2 

Bg < - =1 + /3e ^ 

Vl + 0(/3e " ^ ) V 

where we used the asymptotic formula ( 1A.1I) for the Gaussian integral (see Appendix A 
below). □ 

Theorem 1. The following asymptotic formulae are valid for the wave functions ipg(x), 
/3 > 0, defined by [jjfy as /3 ->■ 0: 

/ (l-\x*\-3<:) 2 \ 

x B = x* + Oif3e W J , (20) 

Vb=v\ (21) 

&e W J , (22) 

A.J>J = f ^ ) +0 [P^e -^i—] . (23) 



11 



Proof. 



I nl-x* 

xp= J x\ipp(x)\ 2 dx = x* + / x\ipp(x + x*)\ 2 dx 

-l J-l-x* 

B 2 r l- x *-3e _ x2 Bl ( r l - X * +36 

x" r^— I xe W dx^ H^— ( / 



v^ 



l—x*+3e 



v^ 



—l—x* 



■x*—3t 



xe ^r] e (x) dx 



x* + 0[(3e 



2p2 



where we used the asymptotic formula (lA.lf) for the Gaussian integral, formula (1191) . and 
the estimate |^ e (^)| < 1- Formula (!20|) is proved. 



Pp = I i/>p(x)(-ih)i{>p(x)dx 



\M*)\ 2 W + mr "''* ; 



-i 



2/3 2 



)dx 



ihBj 



y^WJ-i 



1 (x-x*) 2 



e 2 " 2 r] e (x)i]' e (x)dx. 



The imaginary terms must cancel each other out because the diagonal matrix elements of a 
self-adjoint operator must be real. Therefore, p^ = p*; i.e., we have obtained formula ( l21j) . 



L\*X q 



x — x*) \ij)p{x)\ dx 



l-x* 



X 



\ipp{x + x*)\ 2 dx = /3 2 + l/3e W 



l—x* 



(i-\x*\-:j e y 



Here we applied the asymptotic formula (1A.2I) from Appendix El Formula ( 1221) is proved. 



*\2 



A*p 2 p = -H 2 / ^(x)^(x)dx - (p*) 



IM*)? 



(p 



h 2 (x - x*) 1 h 2 ip*h(x-x*) 



A(5 A 



2(3 2 



+ 



B 2 



v^ 



1 (x-x*) 2 

e 2 f> 2 



-H 2 T] e (x)rj"(x) + 2rj e (x)rj' e (x) 



a 2 

h(x — x*) 

W 2 



dx 



— ihp* 



dx — (p 



*\2 



Again, the imaginary terms must cancel each other out because the diagonal matrix elements 
of a self-adjoint operator must be real. We have 



A*pJ 



\M*)f 



-i 



h 2 h 2 (x-x*) 



*\2 



2/3 2 



4/3 4 



dx+ 



+ 



B 2 



Here 



\M*)t 



y/2^J-i 

h 2 (x — x* v> 



(x-x*) 2 

e 2 /3 2 



fiix — x* 
r) e (x)r)' e (x) 



B 2 



h 2 rj e (x)r]"(x) 



dx. 



h\ 



40. dx "{rp) -"I ' e -- 
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Since the functions r] e (x), r)' e (x), and T]"(x) are bounded (for a fixed e) and since r]' e (x) and 
r}" (x) are different from zero only on the intervals [—1 + e, — I + 3e] and [I — 3e, I — e], we 
obtain the following estimate: 



I e W~ 



Therefore, 



Pit qf y* ) 

r] € (x)r]' e {x) — h 2 ri e (x)ri"(x) 



(l-\x*\-3e) 2 



dx = 0\ (3~ l e W 



2 f h x 2 



This proves formula (123]) and completes the proof of the theorem. □ 

Corollary 1. The following asymptotic relation holds for the wave functions ipp(x), (3 > 0, 
defined by formula ffify as (3 — > 

/? 2 / (!— [x*|— 3e) 2 \ 

AxJ Ap* = — + O I f3- l e ^— \ (24) 

(i.e., relation ( fiTp holds). 



Thus, we have Ax@ — > and App — > oo as (3 — > 0. It is obvious that App — > and 
Ax a — >■ Z/\/3 as f3 — > oo and e — > (because tp(x) — >■ l/y/21 in L 2 (—l, I)). 

For sufficiently small /3 (such that one can apply the asymptotic estimates from Theo- 
rem [1]), Ax and Ap, are estimated by quantities of the same order as for coherent states on 
the line: Ax ~ 0.1 nm and Ap ~ 10~ 24 kg-m/s. 

3.2 Squeezed states in the form of the theta function 

Here we present another method for constructing a family of wave functions with required 
properties. Given a position x* G (—1, 1) and a momentum p* G R, define a family of 
functions in L^—l, I) for a > as follows: 

AT7 2^ a fc e 



where 



^ k=—oo 



a y k = A a e ^ 



k* is the nearest integer to -*=-, and v4 Q is a real normalization constant. 
Such a wave function can be represented by the theta function as: 

w ^7! s (^■;i^• f " < "' , (25) 



see formula fIB.ip and Appendix [B]). These quantum states generalize (by means of an 



arbitrary a) the coherent and squeezed states on the circle introduced in [T214T6] . 
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Lemma 2. If J, \ip a (x)\ 2 dx = 1, th 



en 



A n 



^2 



' + 0(±e 



7rcr 



2(-ko) 2 



a 



a — y oo. 



(26) 



Proof. We have 

+oo 



af>? = Ai T e-^ = Ale(o, ' 



^E 



k=—oo fc=— oo 

as a -^ oo. Here we used formula (IB.3[) . Hence 



a \ '2vra 2 



^[v / 27«2 + 0(«e- 2( ™ ) )] 



v^vra 2 + 0(ae" 2 ( 



7T« 2 ) N 



\/2-koP- 



0(^ e - 2 (™) 2 |, M-.X, 



a 



a 



Theorem 2. TTie following asymptotic estimates hold for the wave functions ip a (x), a > 0, 
defined by formula f25\) as a —y oo: 



ip a {x) 



ae 



x n — x* = 10 a e 






— (7ra) 2, 



_1 -2 TO 1 



7T . 



\p a -p*\ < jK 



A*xi 



I 



2na 



l z O oT l e 



_! _ 2ffa 1-^i 



i/ere < d(x) < \ is the distance on the real line from the point x to the nearest integer. 
Proof. Substituting formulae (126]) and (1B.3J) into fl25|) . we obtain 

1 „ ( 1 



(27) 
(28) 
(29) 

(30) 
(31) 



i\) a {x) 



}_ e ifk*(x-x*) 



V2l 



\/2 



O 



ira' 



-2(ira)' 



^e- 4 ™^" 2 + O ( ae~ 4 ^ 1 - di ^ ) 



„ 27T0 2 e -(w ( ^l )) 2 +J f **(*-**) j_ nf./7^-(™) 2 ^ 



+ 0(^6 



We get formula (12 
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■r t 



i pi pi 

x\ip a (x)\ 2 dx = / x*\il) a {x)\ 2 dx + / (x — x*)\ijj a (x)\ 2 dx 
-i J -i J-i 



x + 



I— x* a2 fl—x* 

x\ip a (x + x*)\ 2 dx = x* + -^ 



l—x* 



X 



l—x* 



*(* ' 



21 ' 47ra 2 



c/.r 



x* + 21 A 



2 2i 

,, i y 

' 1 x* 

2 2! 



« y 



47r«" 



dy = x* + l0(a- l e- 2 ^ 1 -^ 2 ) 



(we used formulae (126|) and (IB. 51) in the last equality). Thus, formula (128]) is proved. 
Estimate (|29|) follows from the fact that 



+oo 



k=— oo 



T »-, 



and the definition of fc* as the nearest integer to (~\)- 



A*x 2 



(x — x*) 2 \ip a (x)\ 2 dx 



i 

-I 

Al f l ~ x * 
21 J^ 



x 



'(£, ' 



(2lf 



1 



2V Ana 2 
1 



l—x* 

—l—x* 

2 



x \ip a (x + a?*) | dx 



dx = (2l) 2 A 2 a 



2 ,2 /5_2i 2/ 2 

1 a;* 

2 2; 



*!/ 



47T« 2 



dj/ 



fO|-e 
27ra V« 



-(•n-a)' 



4^^ 



1 +0 /- 2[ffa( i-J^l)]A 
1W V 7 



U h-z 2 o^-v 2 W 1 -^)] : 



27ra 



(here we used formulae (1261) and (1B.6[) ) . Formula (1301) is proved. 



e 2^ 



fc=— oo 



a^ = (jh) J> - k*M a) \ 2 = A 2 a (In) £ k2 

k=—oo 

2n~a 3 +0(a 3 e- 2 ^ 2 )} = (y/i) 2 [a 2 +0(aV 2 (™> 2 )] 



7T N2 



27ra; \a 



(here we used formulae ( 1261) and ( IB. 41) ). Formula ( |3T1) is proved. This completes the proof 
of the theorem. □ 

Corollary 2. The following asymptotic formula holds for the wave functions ip a (x), a > 0, 
defined by formula M3j) as a — > oo 



Ax 2 a Ap 2 a = ^ + O ( ae- 2 ^ 1 -^ 



(32) 



(i.e., relation ( f77| ) holds). 
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Comparison of formulae (I22j) and (1231) with (|30|) and (I3T]) respectively shows that there is 
a correspondence between the parameters a and /3 given by the relation a = 7^-3. Therefore, 
we can write ( 132]) as 

AxjApJ = - + O I ^V" ^ 

Comparing with ( l24j) . we see that the left-hand side tends to h 2 /4 somewhat faster than the 
truncated Gaussian function, because e > 0. At the same time, e can be arbitrarily small; 
therefore, the difference between the rates of convergence can be made arbitrarily small. 

However, one can notice the faster decrease of the remainder term for A*p 2 in the case 
of the theta function (the exponential function in the remainder term is multiplied by a 2 in 
(HP and by /T 3 ) in (El). 

Thus, Ax a -> and Ap a — > 00 as a — > 00. It is obvious that Ap a — > as a — > 0, 
because a^ — > 5 k -^. Then Ax a — > //a/3. For sufficiently large a (such that one can apply the 
asymptotic estimates from Theorem [2]), the estimates Ax ~ 0.1 nm and Ap ~ 10~ 24 kg-m/s 
again hold. 

We have established asymptotic minimization of uncertainty relation f fT7|) . It would be 
interesting to find states with finite Ax and Ap that turn the uncertainty relation (JHJ) into 
an equality. We suppose that this uncertainty relation may be minimized by functions ip a 
from the family constructed here on the basis of the theta function. 

3.3 The case of an arbitrary density function 

In the previous subsection, the construction of a family of wave functions with required prop- 
erties was based on the density of the Gaussian distribution of momentum. Here we describe 
a general method for constructing such a family, where the distribution of momentum is 
rather arbitrary. 

Let, again, x* G (—1, 1) and p* G R be given position and momentum of a particle. Denote 

k* = l - P -. 

Let ip(q) be a density function on the line with zero mean, i.e., a function such that (p(q) > 

for q G R and 

/+00 p+00 

ip(q) dq = l, / qtp(q) dq = 0. 

-00 J —00 

We also require that the second moment of (p(q) be finite, denote it by 

/+00 
q 2 (f{q) dq. 
■00 

Introduce a family of functions { ( -p a {k)} a> Q by the formula 

folio) = ~ <Pi I ), (33) 
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where k is the nearest integer to k*. Then 



7T /TV 



l V \l q 



TV . 



\P~P*\ < J?i- 



(34) 



(35) 



The following relations hold: 



+00 



A£ = 



•00 
+00 



OC 

4-oo 



<Pai(q)dq= 1» 
q(p a i(q)dq = k, 

{q-k) 2 if a i{q)dq 



(36) 



,«r 



7T 



2 Ag 2 



Thus, {y?az}, a > 0, is a family of density functions with the same means and with standard 
deviations that increase proportionally to a. 
Set 



» 



*+5 



f a i(q)dq 



where fc = 0, ±1, ±2, 



^a(z) 



-. +00 

— V n {a) P *f *(*-«*) 



(37) 



(3* 



fc=— 00 



where x* G (—1,1). This construction is similar to that proposed in [17] . 

Denote the mean values and the standard deviations of the position and momentum for 
the wave functions ip a by x a , p a , Ax a , and Ap a . 

Theorem 3. Suppose that the density function <p(q) is even, has a maximum at zero and 
does not increase as \q\ increases (in particular, this means that the local maximum at the 
point q = is also a global maximum) . 

Then the following inequalities and relations hold: 



A*< < 



9tt^(0)Z f 1 (y- x - 



2a 



x*\2 



1 sin 



2 (TV 



(Uv-f)) 



dy, 



lim ^P* =c ^ Qj 



a^-oo a 



— * I <f 



x* 18vry?(0) 
al cos 2 ^ ' 



Pn 



—fik = p. 



(39) 

(40) 

(41) 
(42) 



To prove this theorem, we will need two lemmas. 
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Lemma 3. For an arbitrary function <p(k) satisfying the conditions of Theorem^ 
1) the mean momentum satisfies the relation 



Pa 



—hk = p; 



2a) the momentum standard deviation can be estimated as 



1 


/vr ,_\ 2 




l-h) 


L2 


\i J 



1 + -w(o) 



a 



< A,p| - Apl < 



1 , v . 



6 W 



1 + -V/(0) 



a 



u>/jere Ap Q = (jhAq a ) 2 = (ahAq) 2 . 

2b) if the function ip(k) is twice continuously differentiable, <f"(k) = 0{l/k 2 ) ask -^ ±oo, 
and <p"(k) has a finite number of local extrema, then the following sharper result is valid: 



&*Pa = &Pa+[ 7^ 



7T 



12 



O 



a. 



a — > oo. 



The proof of the lemma is given in Appendix Id 

Lemma 4. Let {ak}^L be a nonzero monotonic square- summable (i.e., J2T=o a t < °°) 
sequence of real numbers. Then the function 



+oo 



x( x ) = 2^ akcoskx 



(43) 



k=— oo 



satisfies the estimate 



1x0*01 < 



Oo 



sin || 



(44) 



for x 7^ 2nn, n = 0, ±1, ±2, .... 

The proof of the lemma is given in Appendix ID1 
Proof of Theorem^ First of all, notice that formula (|3T|) and evenness of y(o) imply 



(a) (a) 

Ot , = Ot , 

K+fe fe— fe 



(45) 



for all fe and a. 

Let us prove estimate fl39|) . In view of (J4"5j) . we have 



V>a(x) 



1 



+oo 

E 

fc=— oo 



(a) e if fc(*-**) 



1 



+oo 

E 

Ai=— oo 
+oo 



Jot) e if(k+k)(x-x*) 
k+k 



2 E4t<-(j^-^)) 



» 



. fc=0 



,iffe(x-3!*) 



(46) 



Then it follows form Lemma H) that 



1 3ft 
\Mx)\ < 



(«)| 



21 I sin ^£!l 






sin 



tt(x— X*) I 
21 I 



< 



<3 



1 
2al 



<Pi(0) 



sin 



7r(x — X*) I 

21 I 



IX 



2al- 



-v(o) 



1 



sm 



7r(x — Z*) 

2Z 



*T7 (47) 



for any x G [— l,l]\{x*}. Hence, by formula 



9tt^(o) r l (x-x*) 2 9%<p(o)i r 1 (y-r) 



2aZ 2 ./._/sm 



A*x?, < "'7!? / v ~ r ^ dx 

2 tt(x—x*) 
21 



x*\2 



2a 7_ lS in 2 (f(2/-^)) 



Tzrdy. 



Formula (140)) follows immediately from Lemma |3] and the third relation in (1361) . 
Let us prove inequality flUJ 

/( /•/ fl — X* 

x\ijj(x)\ 2 dx = / (a; — x*)|^(x)| 2 dx + x* = / x\ip{x + x*)\ 2 dx + x* . 
-I J-l J-l-x* 

Let x* > 0. By virtue of (H6l) |^(x* + x)| = |?/>(x* — x)| for any a; G [I — x*,l + x*]. Therefore, 

-l+x* 



X — X 



x\ib(x + x*)\ dx 



l—x* 



On the one hand, the integral on the right-hand side is nonpositive because x < on the 
integration interval. On the other hand, using (117)) . we get 



-l+x* 



—l—x* 



x\ib(x + x*)\ dx > 



9ir<p(0) 



2al 



-l+x* 



xdx 9mp(0) 



2 I . o^2 ttx '- 2aP o^2 n(l+x*) I 

Z.LXL gjjj -^-^ i J _l_ x 



i-x* sm 



2; 



2/ 



-Z+x* 



> 



iA/ \AjiXj 

x* 18tt^(0) 



a/ cos 2 I ^j- 



Thus, 



Similarily, if x* < 0, we obtain 



x* 18vr^(0) 
al cos 2 ^ 



<^-x* < 0. 



< x - x* < 



x* 18^(0) 
al cos 2 ^ ' 



Estimate ( JIT)) is proved. Equality (142)) is proved as assertion 1) of Lemma |3j 
This completes the proof of the theorem. 



□ 
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Corollary 3. The following estimate holds for the wave functions ip a {x), a > 0, defined by 
formula K38\) : 



AxlAp a < -irlHtp(0)Aq f — ^— l - . x , dy \ 1+ ( — ^— ) 5. (4 



Here S = ^+-^(pi(0). If the conditions of assertion 2b) of Lemma\^hold, then 5 = -^+0(a~ 
as a — >• oo. 

Proof. According to Lemma [3] 



In view of ( |36|) . we have 



hence 



A,pl = Apl + (yft) 8. 



A*p 2 a = (haAq) 2 + (jh) 2 8, 



Since Ax a < A*x a and A^q, < A*p a due to (fl6l) . the required estimate (148]) follows from 
the above relation and (139]) . □ 

As a — 7- oo (and since ft is small), we can neglect the last factor (square root expression) 
on the right-hand side of ( l4"8l) . then we obtain 

Ax 2 a Ap a < Klfup(0)A q f , iLT^^ dy - ^ 

2 J_ x sm^(!(y--)) 

Let <p(fc) = -^e"V (then <p(Je) = 1/V2tt, Aq = 1), I = 100 nm, x* = 0. Then, taking 
into account that h ~ 1.05 • 10~ 34 J-s and 



/ -4^ dy *< 1.12, 
y_i sin -f 



we see that formula (1491) can guarantee the condition Ax a < 0.1 nm only when 
Ap a ~ 10 -20 kg-m/s. Comparing this with analogous results obtained in the two previ- 
ous subsections, where we used specific techniques for the Gaussian integral and the theta 
function, we see that the estimate obtained for Ax a is rather rough. But it is still enough 
for nanoscale systems. Moreover, Theorem [3] gives estimates for finite a, rather than only 
asymptotic estimates as a — > oo. 

As above, we have Ax a — > and Ap a — > oo as a — > oo, whereas Ax a — ¥ //a/3 and 
Ap a — > as a — > 0. 
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4 Further problems 

4.1 Energy dispersion 

As we know, a classical particle is characterized not only by well-defined position x* and 
momentum p*, but also a well-defined energy E*. For a free particle, we have E* = p* 2 /2m. 
Hence, to associate a classical particle with a quantum wave packet, the latter must have 
small dispersions not only in the position (A*x) and momentum (A*p) but also in energy. 
The energy dispersion A*E is defined similarly to (Q and ([TO]) : 



A*E 2 = J2(En-E*) 2 \b n \ 2 . (50) 



n=0 



Here {E n }^L are the energy eigenvalues and {& n }^L are the coefficients in the expansion 
of the wave function if) in the energy eigenfunctions {if> n }^Lo : 

oo 
n=0 

For a particle on the line the energy dispersion is small whenever the momentum dis- 
persion is small, because the momentum and energy operators commute and the energy is a 
function of momentum: 

H = ^-. (51) 

As we pointed out in Subsection 12.11 in bounded domains this is not always the case. For the 
Hamiltonian H 2 (a particle on a circle), the momentum and energy operators still commute, 
relation (15TJ) holds; therefore, the smallness of A*p implies the smallness of A*E. 

However, for the Hamiltonian Hi (a particle in the infinite well), the position and momen- 
tum operators do not commute. Counterintuitively, relation (15T1) does not hold. Therefore, 
the energy dispersion should be analysed separately. 

Let us expand the wave function ip(x) in the position representation in terms of the 
momentum eigenfunctions and in terms of the energy eigenfunctions: 

^ x ) = ^7 E akSkx ( 52 ) 

^ 2l k=-oo 

= -=]>>„ sin (^(x-/)). (53) 

* n=l 

Then, using the expression 

(±(—1)3-4= for even n and k = ±|, 
for even n and k ^ ±| 

(-l) k r, 



y/2l 



(-i) fe 

V2n fc 2 -(f) 



2 ' 

for odd n 
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we express the coefficients {b n } in terms of the coefficients {0^}: 

— 1)^-Tg (aa — a_n) for even n, 

^ ! s££| for odd »• 

Proposition 1. If the momentum dispersion of a quantum particle in the infinite well in a 
state ip G L,2(—l,l) is finite, then ip(l) = ip{—l) (i.e., the boundary condition included in the 
domain of the operator p is satisfied). 



Proof. The convergence of series ffTOj) implies the convergence of the series 

+00 

y k 2 \ak\ 2 < 00. 

k=— 00 

By Lemma [5] (see below), the convergence of this series implies the convergence of the series 
X]fc=^oo \ a k\- Then, according to Weierstrass criterion, the series in the Fourier expansions 
fl52|) converge to the function ip not only in the mean square sense but also absolutely and 
uniformly. Then, substituting the values x = ±Z into (jo"2"l) . we obtain the required boundary 
condition. □ 

Proposition 2. If the energy dispersion of a quantum particle in the infinite well in a state 
ip e L 2 (—l,l) is finite, then ip(l) = i>(—l) = (i.e., the boundary conditions included in the 
domain of the operator Hi is satisfied). 

Proof. The proof is similar. The convergence of series floDl) implies the convergence of the 
series 

00 

n \b n \ < 00. 

n=l 

Again, by Lemma [51 the convergence of this series implies the convergence of the series 
Y^Li \bn\- The series in the Fourier expansions ( |53|) converge to the function if) absolutely 
and uniformly. Then, substituting the values x = ±/ into ( )53|) . we obtain the required 
boundary conditions. □ 

Lemma 5. Let Y^=i c n be a convergent number series. Then the series 



00 1 
c 



yj^r (54) 



n 

n=l 



is also convergent. 



Proof. Indeed, since the geometric mean of two numbers is no greater than the arithmetic 
mean of these numbers, it follows that 



E \ c n\ < i_ ^ 2 , £ V^ J_ 
n - 2 2^° n+ 2^n 2 ' 

n=l n=l n=l 

Both series on the right-hand side converge. □ 
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In the next subsection we will see that these propositions are particular cases of a general 
relation between the finiteness of dispersion and the domain of the corresponding self-adjoint 
operator. 

We can see that all three families of quantum wave packets satisfy the boundary condition 
^a(0 — 4>a(—l), but the only squeezed states given by (TT51) satisfy the condition ip a (±l) = 0. 
Since the theta function 8(x,t) (see (IB.ip ) has not zeros with real x and real r ^0, the 
condition ip a (±l) = cannot be satisfied by squeezed states given by fl25|) . The functions 
ip a given by fl38|) also cannot satisfy this condition for all x* and p*. 

Hence, the quantum wave packets states ip a given by formulae ( )25l) or ( |38l) correspond 
to infinite energy dispersion and, by this reason, are not satisfactory for the infinite well. 



But one can suggest the following their improvement. Consider a family states ip x * '* 
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p* ,ai 



x* G (—21,21), p* 6 R, a > 0, given by formulae ( |25|) or ( 1381) for even ip(q) with / replaced 
by 21. Other words, this is a family of quantum wave packets for the interval [—21, 2l\. Now 
consider the family of states on L 2 (—l, I) given by the formula 

^x*, P *A x ) = vi*+* lP *, a O + - iP ( S-i- P *,a(- x - 0- 

From formulae (125'j) or f[3"5j) for even (p(q), it can be shown that ^ x * >p * )a (dil) = 0. Hence, these 
states have finite energy dispersion (see the next subsection) and can be used as squeezed 
states in the infinite well. 

4.2 Domain of a self-adjoint operator and finiteness of dispersion 
of the physical quantity 

One may notice that whether the dispersion of a physical quantity for a certain state is finite 
or infinite depends on whether or not this state belongs to the domain of the operator of 
this physical quantity. Let us show that the following general fact is true: the dispersion of 
an arbitrary physical quantity (self-adjoint operator) A in a certain state is finite if and only 
if this state belongs to the domain of A. Namely, we prove the following theorem. 

Theorem 4. Let A be a self-adjoint operator in some Hilbert space % and let a quantum 
system be in a state ip EH. Then the physical quantity corresponding to the operator A has 
a finite dispersion if and only if ip belongs to the domain of A. 

Proof. Represent A by the spectral decomposition [38] : 

/+oo 
XdP x , 
-oo 

where dP\ is a projector- valued measure. The domain of A can be expressed as 

/+oo 
A 2 c^,Pa^)<oc}. 
■oo 

The dispersion of the observable corresponding to A for an arbitrary state ijj is 

/•+oo 

AA= X 2 d(^,P x ^)-A, 

J — oo 
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where 

»+oo 



J — oo 

Obviously, the condition ip G D(A) implies A A < oo and vice versa. D 

Physically, the established relation is not obvious: the "mathematical" questions concern- 
ing the domains of self-adjoint operators are often omitted in physical literature on quantum 
mechanics. Here we establish the relation between the fmiteness of the dispersion of some 
physical quantity and the domain of the corresponding self-adjoint operator. This relation 
can be regarded as a physical meaning of the domain of a self-adjoint operator. 

4.3 The limit of large interval length and the semiclassical limit 

Let us pass to the limit as I — > oo. We will follow the general construction of quantum wave 
packets given in Subsection 13.31 According to formulae (1371) and (138]) 



( h 



(i) 



fc+i 



*-h 



k=— oo 

Here we supplement a k and ipi with the index I rather than a (which was used before) 
because now a is a fixed parameter while I varies. Without loss of generality, we assume 
that a = 1 because a fixed parameter a can be included in the function (p. 

Theorem 5. 

1 /"+oo 

lim Vj(s) = V(z) = -i= \ y^pjq) e iq(x ~ xt) dq. 
l -*°° v2tt J-oo 

The limit is understood in the pointwise sense. 

Thus, as I —?• oo, the quantum state on the interval constructed by means of a "dis- 
cretized" momentum distribution tends to a state on the real line with the corresponding 
continuous momentum distribution. 



Proof. Firstly, we give a heuristic proof. By f l34|) . we have 

+OQ , 

fc=— oo 



1 



+oo 



-). -= / y/<p(q) e^~^ dq, 

'Z7l 
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where x«e[f(/c-±),f (*;+§)]■ 

But, of course, during this calculations, we interchanged the limits: 



K 



hm V ^(4°) ^t*(*-**) = ]im hm V VvrflT^*^' 



Z— s>oo ^— ' » / Z— >oo K"— >oo ^— 4 ' I 

k=—oo k=—K 



K 

7T 



hm hm Y J^Jhljf^-^. 



_R"— >oo Z— >oo ' ^ " I 

k=-K 

If this interchanging the limits is legitimate, we can perform the passage to the limit as 
/ — > oo and obtain 



K i r-K /-+oo 

lim lim V \U(>cfy-S k( - x ~ x ^ = lim / JMe^'^ dq = / jMe iq( - x ~ x ^dq. 



k=-K 



To justify the interchanging the limits, it suffices to show that the following double limit 

exists: 



,v/ ( -5(fc+|) ^ 2 | /-+oo 



Let us prove this. By condition, density tp(k) has a finite second moment, i.e., 

+oo 

/ ( f i p{. ( i)dq < oo. According to assertion (2a) of Lemma [3], this implies that the series 



±2^ k 2 ff( k +h 

1^ JI \ 1 vWq 



converges uniformly in I e [l , oo), where Iq > is arbitrary. Then, in the same way as in 
the proof of Lemma we conclude that the series 



fc =-oo k " A(M) 
as well as the series 



±2^ [i /•?(*+*) 






fc=-oo k " " f ( fc 2) 

converge uniformly in I G [Iq, 00). Then, for any e > 0, there exists a number X such that 



1 

-K Q l +00 \ ( -w/fc+ii "> 2 



/ -Ko( +00 \ * (fc+ i) 

7I + E L,^^^ < 56 > 

Vt \fc=-oo fc=A' Z/ l J T( k -2) 
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for any I 6 [Iq, oo). Let us require that Kq be so large that 

= ( / +/ 



'27T 



v^M' 



< £ 



(57) 



(the integral of \/<p(q) converges at infinity because \/^>(q) < \{q 2i p{q) + \) and the integrals 
of both functions on the right-hand side converge at infinity). 
For a fixed Kq we have 



lim — — 



K l 

E 

k=-K l 



: (fc+|) 



(*-5) 



(f{q)dq 



ijk(x—x*) 



K 



27T J-iCo 



V^SJdgeW-*' 



In this relation, the passage to the limit is legitimate because here we deal with ordinary 
integral sums on a finite interval. Other words, for any e > 0, there exists L such that 



1 



k i 

E 



-a z 



f(*+5) 



f(fc-s) 



V{q)dq 



ijk(x—x") 



1 



^7T 



A",, 



A",, 



y/rtfijW'-^dq 



< e. 



(5f 



for all / > L. 

From (J55J), (I5TJ). and 
that we have 



we conclude that, for any s > 0, there exist i^ and L such 



ft7 

E 



-ATi 



f( fc +D 



f( fc -D 



V?(g) <ig 



ifk(x-x*) _ 



e' 



/27T 



+oo 



v /< ^(?) ( 



,ig(x-x*) 



dg 



< 3e 



for all K > Kq and / > L. We get formula (155]) which completes the proof of the theorem. □ 
Thus, we obtain a wave packet on the line. In particular, if tp(k) = -j=e~~ , then the 



limit wave packet on the line is Gaussian. 

Similar arguments, with slight modifications, can be carried over to squeezed states 
constructed by means of the theta function (see Subsection 13.21) . For squeezed states given 
by truncated Gaussian functions (see Subsection 13. II) . the assertion of the theorem is obvious 
by construction. Thus, the last property mentioned in the statement of the problem (see the 
end of Subsection 12.31) also holds for the constructed states. 

Now, let h — > 0. Simultaneously, let a — > oo so that ha — > 0. Then the formulae proved 
above (see Theorems (TJ [2], and [3]) for all of three families of wave packets imply that x a — > x*, 
p a — > p*, Ax a — > 0, Ap a — y 0; i.e., in the semiclassical limit we obtain a point-like particle 
with prescribed position and momentum. 



5 Conclusions 

We constructed a family of squeezed quantum states on an interval based on the theta 
function, a family of such states based on truncated Gaussian functions, and a family of 
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quantum wave packets based on the discretization of an arbitrary continuous momentum 
probability distribution. Estimates on position and momentum dispersion was obtained. 

By means of these states, we showed that proper localization of quantum particles in 
nanoscale space domains is possible. Namely, we saw that, on an interval of order 100 nm, 
there exist wave packets with a standard deviation of the position of order 0.1 nm and a 
standard deviation of the momentum of order 10~ 24 kg- m/s. Also the constructed states 
have finite energy dispersions. 

As a supplementary general result, we showed that an arbitrary physical quantity has a 
finite dispersion if and only if the wave function of a quantum system belongs to the domain 
of the corresponding self-adjoint operator. This can be regarded as a physical meaning of 
the domain of a self-adjoint operator. 

A continuation of this work is performed in [JT] , where we consider the dynamics of the 
constructed states (those based on the theta function) on a circle and in the infinite well. 
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Appendix 
A Asymptotic relations for Gaussian integrals 

The estimate 

/ e" 74 dt = O , x -> oo. (A.l) 

is well-known. 

Lemma A.l. The following asymptotic formula holds: 

POO 

/ t 2 e-^ t2 dt = 0(xe-^ x2 ), x^oo, (A.2) 

Jx 

Proof. Let us differentiate the function 

y*00 POO 

$(^x) = / e"* 2 dt = ^ e" 7 * 2 dt 

J y/^X J X 
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with respect to the parameter 7 at the point 7 = 1. On the one hand, 



d$(y/jx) 



On the other hand, 



= - / e"' 2 dt- I t 2 e~ t2 dt. 

7 =1 * Jx 



d<f>(y/7X) 



c?7 
Hence, 



= U'(x). 
7=1 z 



/ t 2 e~ t2 dt = ~[$(x) - x$'(x)]. (A.3) 

-x 2 

The required asymptotic formula follows from the fact that $(a;) = 0(- — ) and 
$'( x ) = -e"^. D 

B Asymptotic formulae related to the theta function 

Let us adopt the following (convenient for us) definition of the theta function: 

+00 
6{x,t)= J2 e- nTk2+2mkx , (B.l) 

k=— 00 

where x and r are complex numbers with Rer > 0. 

Using the modular property (the Jacobi identity) for the theta function [39|HU] 



e(-,-) =V^e^6(x,r). (B.2) 

\IT T J 

one can prove a number of useful estimates. 

Lemma B.l. The following asymptotic relations hold for an arbitrary real x and for \a\ < | 

as r — > 0: 

6(x,t) = — e —+Ol—=e ? J, (B.3) 

y fcV^ 2 = _J_ + o (_L^ -^ (B.4) 

^ 27TT 3 / 2 V27TT 3 / 2 J ' V ^ 

/"* a x|^(x,r)| 2 dx = 0(e-^^-H) 2 j, (B.5) 

P~° x 2 |£(x,r)| 2 cfe = i-7| + (e-"^-H) 2 ) . (B.6) 

i/ere < d(x) < | zs i/ie distance on the real line from x to the nearest integer. 

28 



Proof. Using the modular property (1B.2I) . we obtain 



X,T 



X 1 






IT T 



■rr(k-x)^ 



^ 



1 7rd(j;) 2 / 1 TT(l-d(x)Y 

—=e * +0 —=e 
>T V Jt 



Estimate (1B.3I) is proved 

E* 



,-„*^ 1M(P,t)_ is 



k=— oo 



1 s ro :i 



it dr it dr |_ y/r \ ' r / 

+oo 
27TT5 



-1 +°° „ I +oo 

1 ^— \ 7rfc z 1 ^ — \ 

2 Z_^ e T I" Z^ 

7TT2 , T2 , 



fcV 



fc=— oo 



k=— oo 



2vrr 3 / 2 



O 



27TT 3 / 2 



e *■ 



Estimate (IB.4[) is proved. 

To prove estimate (1B.5J) . we use the asymptotic formula (lA.lj) for the Gaussian integral 
and formula (IB. 31) . which is already proved. Then we have 



h-» 



I 1 f 2 a 2wd(x) 2 

x \9(x,T)\ dx = O ( — / xe * dx 



Let a > 0. Then d(x) = \x\ for \x\ < | and <i(x) = x + 1 for a; < — |. Therefore, in view of 

dS3J, 



1 /'2" a 



27rd(^) ,; 



xe 



dr 



r ./-i- a 



1 /" 2 2^ (3: + l) 2 1 /"2 a _2™£ _2 2Lf l_ a) 2, 

- / xe t- rfx H — / xe ^ dx = U[e * Va ' j ; 



Similarily, if a < 0, then 



27rd(a:)2 

xe 



dx = 0(e-?^ 2 ). 



Thus, for an arbitrary a we obtain 

a x\6(x,t)\ 2 dx = 0(e-^-^ )2 ). 

—a 

To prove (IB.6I) . we use asymptotic formulae (IA.2J) and (IB. 31) . We have 



h- 



x 2 \9(x,r)\ 2 dx 



i n 



r, 2TTd(x) z 

1 ^dx + -0 



x e 



T ./-|-a 



1 

T 



^V^^+a-^))*)^ 



1 f 2 _M(i} 2 



x 2 e" 



T /_! 



~ dx + - O 

T 



X 



\- 2 -r^)-\) 2 dxe~^ 
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Let a > 0. Then, in view of ClA.lj) and flA.2|) 



1 /" 

r 



„ 2ird(x) z 

x e t dx 



„ 27r(s + l)' ! 

x e t ax + 



x 2 e~ 



dx 



T /_1 

2 



yi +0 ( e -*^ 



i /? 

47T 



x 2 e r^ x ) 2) rfxe 2r 



t / 1 



e 2r 



r 



x 2 e r { -2+ x ) 2 dx + 



x e t l2 j ox 



0(e-£) 



x 2 |^,r)| 2 rfx = ^^ + 0(e-^-^ 



Similarily, for the case of an arbitrary a we have 

1 

1 



x 2 |#(x, r)\ 2 dx=—J- + (e-^-W 
4tt V 2 V 

Formula (1B.6I) . as well as the whole lemma, is proved. 



□ 



C Proof of Lemma SL 



1. By formulae ( ITBI and (14511 we have 



Po 



k=—oo 



,(«)|2 



+00 



"EMW^E 



k=— 00 



+00 



,(«)|2 



fc=— 00 



T^- 



Assertion (1) of the lemma is proved. 

2. Let us prove assertion (2a). Without loss of generality, we assume that p* = 0. Then 



+00 „fe + 



^.= Erfi4T = ±E/ ;(j»m*)* 



fe=— 00 



fc=— 00 

1 ±^ rk+\ , _. 



Apl= (^g) M*)*=- E / /(f^) **(£) 



fc=— OO 2 



Let us prove the inequality 



k+k 



2 2 2\._ /^ - ' * 



fc 2 



(^-^(-J dg>^(- 



fc+i 



' ft 2 



(A; 2 - g 2 ) do 



(C.l) 
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for an arbitrary integer k. Let, for definiteness, k > (the case of k < is considered 
analogously; for k — 0, the inequality is obvious because this is a maximum point of the 
function ipi). Then the function (fii(-) decreases on the interval q G [A; — |, A; + |]. On the 
interval g G [A; — \ , k] , we have k 2 — q 2 > and ^(y- 2 -) > </^(y-); therefore, 

t ! ^ - g2) w («) * " ** I" i ^ " ^ ^ 

On the interval [k, k+ |], contrarily, k 2 — q 2 < and ^K") — vK")) therefore, again we have 

which proves the required inequality. 
Thus, we have 



<i „*-x 2 +°° /•*+£ 



ft 2 m 2 ^ f>=\ f k+ K,2 2 > , ft 2 /x\ 2 i v? /*\ 



fc = — OO X ' 2 fc=— oo 



to ~\l h ) 12/ ^ k ) dk = -j2 (j^) «^°o- 



— oo 



Let us justify the passage to the limit and estimate the rate of convergence of the series to 
the integral. By the mean value theorem, 



mm (fi 
ge[k-±k+h] 



- ) < / <Pl ( - ) dq < max y>, ( - ) 5 



therefore 



95/ 



Since 



- I - / <(Cj ( - ) d? < max <# ( — J - min V 9 ? ( 



/g\ /A; — isgnA;\ , 

max ¥>j I - J = Pi[ , k t 0, 

g6[Jfc-i,fc+i] \a/ V a 

fq\ (k + \sgnk\ 

mm y», - = ipA , k ^ 0, 

gs[fe-ife+i] \a/ V a 



</t 



9 

9 e7-Ti] r 'W ri \2a 



max ¥»j (-) = <#(0), nmi r ', ( - j = ,;, ( — 
-r_i.il \aJ 
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it follows that 



E 

fc>o L 



max if i 
?e[fc-±fc+±] va 



q\ . q 

mm tpi - 
ge[fc-ifc+|] Va 





< 1 \ 




(3Y 






f 3\ 




f5V 






f 1 


¥?z 


K 2a) 


-<Pi 


K 2a)_ 


+ 


m 


V 2aJ 


-Vi 


vW. 


+ .. 


• =¥>! 


V2a 



Similarily, 



E 

fc<o L 



max yj/ l — I — mm ipi — 
qe[k-±k+\] Vft/ g e [fe-ifc + i] Vft 



H>i 



1 
2a 



H>\ 



2a 



We have 

/ 



lE 



k=— oo 



Pi 



a 



+oo 



vM)dq 



1 +oo 

ft ^-^ 



fc=— oo 



Pi 



5+1 



fr-i 

K 2 



W I - ) 4* 



<#(°) + ¥>« 



2ft 



<-p,(0). (C.2) 
ft 



Thus, 



, ,,,. i ^v 2 



A*^ - A P z a > 



12 VZ 



l + -^(0) 
ft 



We have obtained a lower estimate. Let us find an upper estimate. Arguing as when 
deriving inequality (IC.lj) . we obtain 



«-^^(T)tr>-^,(>, 



k=— oo 



< 



h 2 /7T\2 



ft V / 



V" sgn k { max Vi(-) I (k 2 - q 2 ) 



fc^O 



+ min <^ (-) / " ! ■•-' 

ge[fc-i fc+l] Vft/ J fc 



2> ' 2 

n 2 /TO- 



(fc 2 - g 2 ) dg 



ft 2 /7T\2 



¥>J 



e: 



fc^O 



max </?/ 

ge[fc-ifc+i] Wi 



12ft VZ 



mm </)/ 
ge[fc-i,fe+i] v n 



2ft 



1 

24 



mm <zjj I — I + max ipi — 
ge[k-Lk+i] Vft/ 9 e[fc-ifc+i] Vft 



h 2 /7T\2 



12ft VZ 



Vi 



2ft 
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Since 



a ^ 



fc^O 



max (pi 



mm (fi 

ge[fc-|,fc+i] Vd 



^Ya 



^ l 2a" 



+ 2 



^ l 2a" 



^ l 2a" 



+ . 



Pi 



2a 



W 



2a 



+ ... 



-, +oo 



a 






W 



n 



, (C3) 



1 E 1 

«& 2 



mm <fi[ — )+ max y2; — 



q e[k-\,k+h] 



a 



ge[fc-ifc+i] 



o 



+oo 



a \ 2a / a ^^ V a 

X ' K = — OO 



+oo 



1 v-^ fk + l 

- v^ — - 

a ^^ \ a 

fc= — OO x 



+oo 



^1(9) d( i 



< -vi(P), 

a 



it follows that 



A P l-A P l<l(^ 2 



l + -^(0) 



a 



(C.4) 



Returning from the case of k = to the case of an arbitrary k, we should replace y?z(0) 
by <fi(0). Assertion (2a) of the lemma is proved. 

3. Under the conditions of assertion (2b), we can apply the Taylor formula to the function 

Vai(k): 



<Pi 



q 



m 



k 



-a/ \ a J a ' \ a J 2a 

where Kk(q) E [q, k] if q < k and Kk(q) € [k, q] if q > k] 



V-V^+^'f^ite-*) 2 . 



a 



a I V a 



-<Pi 



k 2_ 

a 



1 , fk\ 1 



a 



a 



5a^ 



v 5 / 



" I K k 



(\ 



~Vl 



a 



where k\ E [k — |, fc] and re| G [A;, fc + \}. 

First, let us improve the estimate for the modulus of difference: 



k 

a 



fc+i 



^ ( -) dq 

1 Va/ 



< 



max 



ia z ge[ fc _i fc+i] 



// / q 



Since y?f(A;) — 0(/c 2 ) as fc — >■ 00, we have 



+00 



— > max 

™ ^^ g 6 [fc_l,fc+l] 



fc= — OO 






->C. 



(C.5) 
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Hence, estimate ( 1C.2J) is also improved: 



- E - (-) 



fc=— oo 



+00 



<Pi(q)dq 



< 



1 + OG 

1 E 



fc=— 00 



a 



fi (-) dq 

.1 Va/ 



O A: 



a* 



For the difference A*p 2 — Ap 2 we have 



(C.6) 
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A,, A„;>/r( T j £ / (*> - ,») w (i) dq 

k=-oc Jk ~2 



h 2 



TV 



+°° fk+i 



k=-oo K 2 
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k 



E / (^-g 2 )^-^(-)H--A^[-)(g-A ; )H- 



8a 3 



// / n k 



11 I K k 



Vi — ~ ¥>i — 
a / V a 



(?-*) + ^(^)(?-*) a M?< 



<£ 2 



7T 



+00 

E 

. fc=— 00 



1 /^ 1 , A A 

-<# I — I - —kAipi 



12a V a 



Qa 
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+ A 1 -A 2 -AA, (C.7) 



where 



+00 1 

^-— ' 1Q9 



fc=— 00 



192a J 



max ip, I — I — mm ip, — 
K€[k-Lk+i] \a/ « 6 [fc_ife+i] Va 



A 2 = Y — 



fc^o 



320a 3 



max ip'i I — I + nim ip l 
ree[ft-i,fe+|] Va/ « 6 [Aj_i,fc+ii ' \<> 



A, = h 2 



80a 3 ^ \2a" 
Here we used the estimate 
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fc = -00 K 2 



(P - q 2 )ip\ 



1, f^k{q) 
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{q-kfdq < 



< 2, s g n k 



K 



max ¥>i l-J / (fc -5 )(q~k) dq 



+ mm ^ 

reS[A;-i,fc+i] ' Va/ ,/& 
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fc+= sgnfc 
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80^ V2a 
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H 



H 
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max ip l I — I — mm ip l 



11 f ^\ • 11 ( ^ 

max ^ I — ) + mm ip l I — 
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Similarly, 



A*p 2 a - Ap 2 a > h 2 



7TV 

l) 



, k=— oo 



12a \ a 



1 , A ^ 
oa V a 



Taking into account (1C6|) and ( 1C.3J) . we obtain 



A 1 + A 2 + A 3 \. (C. 



£ 



I / fc \ 1. ( k 



12a 



a 



Qa 



a 



1 1 
12 + 6 



+ 00 / -I 

ipi(k)dk + 

-oo 



a-' 



'to" 



12 V" 

The sign of the second term has changed because, in view of the monotonicity. 



A r/ ( - 
a 



sgnk 



max y?j l — 

qe[fc-ifc+i] Va 



mm tpi - 
ge[fc-ifc+i] Va 



(C.9) 



(in particular, Aipi (^) and k have opposite signs). 

By calculations similar to ( 1C.3P and f!C.4p . one can easily show that Ai = 0(l/a 2 ) (in 
the present case, calculations are more cumbersome because tp" may have more than one 
extremum; however, one can divide the whole line into segments between the extremum 
points and consider separately these segments and the extremum points; the number of 
extremum points is finite by the hypothesis). 

According to (1C.5I) . A2 = 0(l/a 2 ). Obviously, A3 = 0(l/a 3 ). Then, taking into account 
( ICTTl) . f lCl8l) and (EU), we obtain 



A a p = A a p+ ( -H 



-K . 



12 



O 



a' 



The lemma is proved. 



D Proof of Lemma HI 



It follows from the hypothesis of the lemma that there are two possibilities: (1) all a^ > 
and ao = maxa^ > 0, and (2) all a^ < and clq = mina^ < 0. In any case, |ao| = max \ctk\- 
Since one case can be reduced to the other by changing the signs of all a^, which does not 
effect any side of inequality f)44|) , we assume without loss of generality that the first variant 
takes place: all a k > 0. 

Take a natural K and consider the first K elements, ao < a\ > . . . > ax, a-o > 0, in the 
sequence. We will construct step by step a new subsequence of (K + 1) elements. At the 
zeroth step, we have 



(0) _ 
a o — a 0) 



(0) _ (0) _ 

d^ = fli, &2 = Q>2i 



(0) _ 

a K = ax, 



«&. = <>. 
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At each step we will keep the sequence monotonia For any step m > 0, we define two 
numbers Kj" 1 > 1 and K^ > K[ m > 1 in the following manner: 

(m) (m) _ _ (m) / (m) (m) (m) _ (m) / (m) 

The partial sum of the series at step m is 

4 m) = 4 m) E «**s + aj$o£>£°+ E 4 m) cosfcx, (D.l) 

fc=0 ' fc=K< m) +i 

^ir = E a fc m) cos fcx = a S™> E cos fcx - 

Now, let us directly describe the iteration rule for constructing the sequence 
Oq , Ox ' • • • ' a K+i fr° m Oq , a[ i ■ ■ i a K+\i m — 0- 

If D^" > 0, then the terms of the sequence with indices from K{ m to fQ inclusive 
take the value a™ (i.e., they increase up to the preceding term of the sequence), other terms 
remaining unchanged: 



where 



,„ 1+11 jo^ for K[ m) < k < Kt\ 
ijj, otherwise. 

In this case, K[ m+1) = K^ + 1 and i^ m+1) > K^ m) + 1. 

If DjP < 0, then the terms of the sequence with indices from K^ 1 to K^ inclusive 
take the value a L\ (i.e., they decrease down to the subsequent term of the sequence), 



K. 



other terms remaining unchanged: 



a 



a Jm) , , for K{ < k < K> 



(m+l) = I V< m) + 1 ! - - 2 

a™ otherwise. 



In this case K[ m+1) = K[ m) and K^ m+1) > K^ ] + 1. 

One can notice that in either case the sequence remains monotonic. In addition, 
a™ = ao does not change its value, since K^ > 1. Therefore, a™ = a^ = maxaj,™ 
and a^ m) < a ( ^L for k < K^ m) . Consequently, if D^' > 0, then a^^ > a^ m)1 and if 

Dk < 0, then a (m) < a (, n) - Then in either case the term a (m) Dx in sum (ID.lj) does 
not decrease, while the other two terms remain unchanged. Thus, the whole partial sum 



does not decrease: S K > S K 



(m+l) ^ c (m) 



After a certain number M < K of steps we obtain i^ = K + 1, 1 < i^x < ^Q 
and 



a(°), 0<k<K[ M) -l, 

0, jb > k{ m) 



<" = <: ' " ,7m " ' (D.2) 
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(the last line is correct because £% +1 = a K+1 = 0). Thus, 

k[ m) -i 
Sk = S K < ao 2_. cos k x - 

k=0 

Using the well-known formula 



n=0 

we obtain 



A'-l . Kx (K-l)x 

Esin ^r cos •* — ^- J - 
cosfcx = 2 - — -? — , (D.3) 

sin | 

n=0 * 



S^ < a - 



. A< M) x (tfW-l)* 

sin -^ — cos 1 „ — — 



sin | 



In a similar way one can deduce a lower estimate for the partial sum. To this end, one 
should run the iteration process from right to left, rather than from left to right. Kj" 2 
is the number after which all terms of the sequence are equal to clk+i (i.e., vanish), and 
K-2 < Ky is the number starting from which the terms of the sequence have equal values 
up to the K\ th term. D^ is defined as before except that the summation limits are 
interchanged. If D^ > 0, then the values of the terms with numbers from K^ to Ky 
decrease down to a R ( m ) = 0, and if D^' < 0, they increase up to a K ( m )_ t . Then the value 
of the partial sum does not increase. After a finite 2 number of iteration steps, we again 
obtain formula (1D.2J) in which K/ 11 is replaced by K^ an d the estimate 



Sk > &0- 



. K^x (Ki M) -i)x 

sin -^= — cos l „ — — 



sin | 



Combining the upper and lower estimates, we obtain 

Kl 



S K < 



sin || 



Note that the estimate of the partial sum does not depend on K. This yields estimate 
for the sum of the whole series. 
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